
�����������
	�����������������
���

��� ���! "$#%#%&('*)+#-, .0/213&(�!40 65879&:�;�;) <  ��=�!.�>(?�/@.A'
B �(?C�= �)D>:, EGFH�! I)+'3J )�KL MON�&!)P��F�.A�

QSR�TVUXW�R�Y�Z\[PW^] ]CYI_3UXW`];acbd];_6W`];bfe+ghY�Zi];jkZml6Yonp]

q R�r%ntsvu=w!xyR8zdW^];Y6g{z|]C}�~�Y�Z*ghYIR�R8b�ghY�Z
� Y6g��iR�b���g�n��yu=w!x�g�]=jkg

U�u*bd];}LQO]C��}{R��|���L}{u*b�g{_�]��m�����C�
~�T�j�]Cgh}H�v�8W^]*��]Cr+u�}h}{uIs�R�Y6Z^s�jkg�];jkgHs�R�_6l



�����| �#c��F KA ��

��� n�l�_-��n�WIR�];z8z�lIbd];zp��u=wA�;T � np]CZmR
	�l�Y6ZoR
T�� l%n�np] x3R�ndW�uc_
w u*b � Y6��ndR�]=_c� U � q U ]C}{z�l�}�]|n�g{u*Y

 )D#���4L'*.L&(�(>

� ~��6r�}hg{z�g�n �=T � np]CZmR�	 l6Y�ZmR�T�� l-n np]\j Rpn�WIuc_�� g{_6R�}��$l���R8_ w umb�eA~ � �
q�� � �IU����

� � Y6��ndR|];_c��� z�z�lIbd];zp� YIu;n��GR�}h} l�Y�_�R8b���nducuc_L� � n�]C�6gh}hg�n �c�
q gh��� ghr`]|n�g{u�YA� q gh��rPR8b�� g{u�Y



EGFH�! I)D'3J )�KL MON�&!)P�=F .L� �

���
����� �

���
��	 
 � � ��

� �
� ��
 ��� �  � ��

�fWIR�b R

��� �  
 ���
���
��	 � ��

��
 �

� Y�g�n�g�]C}L��u�}hl%n�g{u�YA�
� � 	�� �  
 ���! �  #"$�

	
� �
 � ��% 	 % � �'& � �(

) WIRO]CY`]C}��cn�g{z|]C} �du�}hl-ndg{u�Y��fg�ndW�rPR8b�g{uc_6g{z �+u�l�Y�_^];b@��z8u�Y�_6g�n�g{u�Y��|�

� � 	��*�  
 ���! �  #"$�
	 � �
� �

 � ��% 	 % � �'& �,+ 



13&(�!40 65879&:�;�;) <  ��=�!.�>(? �
1 587 � �

x�l�}�n�gh��np]CZmR
	 T�� j\]tndzdW�R�� ) ]��%}{u*b@T �dR�b�g{R�� R �6r^];Y6��g{u�Y

������� 
 ��� � � � ���� � �	� � �

�

������
� ��

� ��
� � ������ � �	� � ��

�C�
� �������� � & & & � � 

E )���5�J  I�(>('*.�� ��# �! ��  �

� Y�R � np];ZmRSj Rpn�WIuc_0�

� ����� 
 � � � ��� � � �� � �,��� �  

�

� ����
� �,��� �  �� � ������ � �,��� �  �

�;�
� �������� � & & & ��� 

� �%u*b � q }hghYIR�]=b � ]�� RSR! Ps{� n�W�R���R n � ukj R�n�WIuc_6� ];b�RSR! l6g�� ]C}{R�Yonts

� �%u*b j2l�}�n�g T q Y�u�Y�}hghYIR�];b$~�l�}{R�b u*b � s � R! �|s �fW�ghZ*W u*b�_�R�b�eL] �cT
" R�Y�_�b�u$# �dz�WIR8j R � R8b@� z�umjkr6}hg{z|]|ndR8_Ls



� 5 ���=)P40 1 587 �

� np]CZmR��m� ��� ��� 
 � � � � � � � ��� ��� 
� np]CZmR��6�

� �!��� 
 � � � � �
� � � � ��� � � � ���  ��� 

	 5 ���=)P40 1 587 �

� np]CZmR��m�
��� ��� 
 � � � � �

� � � �
� � � � 
� np]CZmR��6�

��� 
 � 
 � � � � �
� � � ��� � �*��

� np]CZmR �I� � � � � 
 ��� � � � � � 
 � � ����
� np]CZmR �^�

� �!��� 
 � � � � �� � � � ��� � � � � ��� � � � � 
 � � � � � �  � �8��



��# �! ��  �? ����&(>(F  I> �

� � � �(> .L'm>! I' EG) ��5�J  ��(>('�.�� ��# �! ��  ��&(?; �> )D? '� I/@ �';5
 ��(#- ��

� �����
� 
 � �

� � �
� � � �� ��� � � �

��� �  � �


� � � �� ��� � � � �� � � �

��� �  � ���(

�fWIR�b R � gh��ndW�R U ��e YilIj2�PR8bGR �6r�b�R�� �dR�_ ]C�|�

� 
 ��� �
� 	 � � + 

� np]C��gh}hg�n������
	 % �*�

" WIR�Y�����	 
 �*�cYIu _6gh� ��ghr^]tn�g{u�Y ]CY�_y_%gh��rPR8b�� g{u*YL�

" WIR�Y�����	  �*� � R8b@� }�];b�ZmR _%gh��� ghr`]|n�g{u�Y$]CYI_ _6gh� rPR8b���g{u�Y



� � � 5p?C�=)P4L 1 587 � � �(> .L'*>! �'y#% ����='*)�� >(F	�  �'� ��(#6F �!4

� � ���
� 
 ���

� �� ��� � � �� � �
� � 	 � � � 

) W�gh� ��zdWIR�j RSgh�Gl�Y6��np]C��}{R*s

� � � 5�?t�=)+40 1 587 � � ?C� .L'*>! �'�"����; �'*�!)P��F �!4 ���! 65���FH>! �� F / 5
/V �'� ��(#%FH�!4 ��"$� ��� �

xyz|U�u*b j\];z
a � zdW�R8j R

� np]CZmR��m�	�vb R�_6g{z�n
u*b �

� � ���
� 
 ���

� �� ��� � � ��
� 	 � ��
�  � �  �  � � � 

� np]CZmR��6�6U u*b�b�R8z�n
u*b �

� � ���
� 
 ���

� � ���� � � � ������ �
� 	 � ��� � �  �  � � � 

) W�gh� ��zdWIR�j RSgh��n�WIRS�p];j R�]C� eA] �cT " R�Y�_�b�u$# � zdWIR�j R



	 � 	 5p?C�=)P4L 1 587 � � �(> .L'*>! �'y#% ����='*)�� >(F	�  �'� ��(#6F �!4

� np]C��gh}hg�n��0� ���
	 % � & � �
q gh��� ghr`]|n�g{u�Yyw b�R8R*� ����	 % � & �
q gh��rPR8b�� g{u�Y3ghYo�o]=b�g�]CYont� ����	 % � & �
� � 	 5�?C�=)P40 $1 587 � � ?C� ��'*>! �'\" � ��� � � �(> .L'*>! �' ?��!)P�=F ) �
)D#%#%&('*)+#-, �

� np]C��gh}hg�n��0� ���
	 % � & � �
q gh��� ghr`]|n�g{u�Yyw b�R8R*��YIu�Y�R

q gh��rPR8b�� g{u�Y3ghYo�o]=b�g�]CYont��YIu�Y�R

� � 	 5p?C�=)P4L 1 587 � � �(> .L'*>! �'y&����3FH�(> >(F	�G �'� ��(#%FH�!4

� � �
�
� 
 � � �

� � �� � � � �� � � � � �� � 

� � 	

 � � � 
� np]C��gh}hg�n��0� ���
	 % �'& �
q gh��� ghr`]|n�g{u�Yyw b�R8R*��YIu�Y�R

q gh��rPR8b�� g{u�Y ]CYI_ _6gh� � ghr`]|n�g{u*YyghYo� ];b�g�]CYont� ����	 % �'& �



� � 	 5p?C�=)P4L 1 587 � � '*> .L'*>! �' �(F )+?; �> &����3FH�(>
>(F	�G I'* I�(#6FH�!4

� � ���
� 
 ��� �

� � �� ��� � � � �� � � � ���� � � � ���� 
� � 	
 � � � 

� np]C��gh}hg�n��0� ���
	 % � & ��+
q gh��� ghr`]|n�g{u�Yyw b�R8R*��YIu�Y�R

q gh��rPR8b�� g{u�Y ]CYI_ _6gh� � ghr`]|n�g{u*YyghYo� ];b�g�]CYont� ����	 % � & ��+
� � 	 5p?C�=)P4L 1 587 � 	 ��� .L'm>! I' �(F )D?C �> &�� �3FH�(>
>(F	�G I'* I�(#6FH�!4

� � ���
� 
 ��� �

� � �� ��� � � � � �� � �
�
� �� � � � � � �� � 
 � � �� � �

��� � 	
 � �%��

� np]C��gh}hg�n��0� ���
	 % � & ��+
q gh��� ghr`]|n�g{u�Yyw b�R8R*��YIu�Y�R

q gh��rPR8b�� g{u�Y ]CYI_ _6gh� � ghr`]|n�g{u*YyghYo� ];b�g�]CYont� ����	 % � & ��+



� � 	 5p?C�=)P4L 1 587 � 	 ��� .L'm>! I' #% I���='�) � >(F	�G �'� ��(#%FH�!4

� � �
�
� 
 � � � �

� �� � 
 � �
� �� ��� � �

� �� � � � � �� � 

��� � 	

 � �*��
� np]C��gh}hg�n��0� ���
	 % � & � �
q gh��� ghr`]|n�g{u�Yyw b�R8R*� ����	 % �'& �
q gh��rPR8b�� g{u�Y3ghYo�o]=b�g�]CYont� ����	 % � & +
�%u*b � q }hghYIR�];b��f]�� R!R! Ps{��g�n�gh�Ln�W�R:�p];j Rvndu b�R�rIb�R��dR�Yon�n�WIR:_�R8b�g��o]tn�g�� R��
ghY ndW�R2eL] �cT " R�Y�_�b�u$# ��zdWIR�j RS�o�0�

���� 
 � � �� � 
 � �
� �� ��� � �

� ���� � � � ���� 

�|� � 	 � �=��

������ 

� �� � � � � � � �� � � � � � � �� � 
 � � � � �� ���

���*� � 	 

� �

�8� � � �� � � � � �� � � � � � � ���� 
 � � � � ���� � � � ���� �
���m� � 	 
 � �C�(



�������� 
 � � �� ��� � �C� � �� ��� � �
�
� � �� � � � �

� �
� �� � �

� � � � � 	 �
�
�
� � � �� � 
 � � + � � � �� ��� � � + � � � �� � � � �

� � � �� � 

� � � � � 	 �

� �
�
� �
� ���� � � �

�
� � �� � � � �;� � �� � � � � �� � �
� � � � � 	 � � � + 

���������� 

� �� ��� � �o� � �� ��� � �

�
� � �� ��� � � � � � � �� ���

� � � � � � 	 �
�
�*�o�C� � �� � � � � �C� � � �� � � � � � � � � � �� � 
 � ���

�
� � �� ���

� � � � � � 	 �
�
� � �*� � � �� � ���

�
� � ���� � � � � � � � � �� � 
 � � �C� � � ���� �

� � � � � � 	 �
�
�*� �C� � ���� � � � � � � � ���� �

� � � � � � 	 � �
�
�
� � ���� � � �o� � ���� � � � ���� �

� � � � � � 	 � � � � 



� �(> .A'*>! �' E )���5�J  I�(>('*.��
?=#o�! �  

Beta

A
m

p
lif

ic
at

io
n

F
ac

to
r

0 1 2 3

0.4

0.6

0.8

1

cfl=0.25

cfl=0.625
cfl=0.813
cfl=1.0

cfl=0.44

���������
	 ��� 
��� � � � 	�������������	 �� � ���
�
 "! 	�#$	

Beta

R
el

at
iv

e
P

h
as

e
E

rr
o

r

0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

cfl=0.25

cfl=0.625
cfl=0.813
cfl=1.0

cfl=0.44

�%�&�����'	 
 � 
��� � � � 	(�)����������	 �� � ���
�' "! 	�#$	



Beta

A
m

p
lif

ic
at

io
n

F
ac

to
r

0 1 2 3

0.4

0.6

0.8

1

cfl=0.25

cfl=1.0
cfl=2.0
cfl=2.83

cfl=0.813

���&�����
	 � � 	 5����=)+40 1 587 � � �(> .L'*>! �'3#- �����'�)�� >(F	�G I'* I�(#6FH�!4



Beta

R
el

at
iv

e
P

h
as

e
E

rr
o

r

0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

cfl=0.25

cfl=1.0
cfl=2.0
cfl=2.83

cfl=0.813

���&�����
	 � � 	 5����=)+40 1 587 � � �(> .L'*>! �'3#- �����'�)�� >(F	�G I'* I�(#6FH�!4



Beta

A
m

p
lif

ic
at

io
n

F
ac

to
r

0 1 2 3
0.2

0.4

0.6

0.8

1

cfl=0.2

cfl=1.0
cfl=1.5
cfl=2.06

cfl=0.8

���������
	 � � 	 5 ���=)P4L 1 587 � 	 �=� .L'*>! �' #- �����'�) � >(F	�G �'� ��(#%FH�!4



Beta

R
el

at
iv

e
P

h
as

e
E

rr
o

r

0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

cfl=0.2

cfl=1.0
cfl=1.5
cfl=2.06

cfl=0.8

���������
	 � � 	 5 ���=)P4L 1 587 � 	 �=� .L'*>! �' #- �����'�) � >(F	�G �'� ��(#%FH�!4



Beta

A
m

p
lif

ic
at

io
n

F
ac

to
r

0 1 2 3

0.2

0.4

0.6

0.8

1

cfl=0.2

cfl=0.6
cfl=0.8
cfl=1.05

cfl=0.4

���������
	 � � 	 5 ���;)+40 1 587 � 	 ��� .L'*>! �' �(F )D?C �> &����3FH�(> >(F �G �';5
 ��(#%FH�!4



Beta

R
el

at
iv

e
P

h
as

e
E

rr
o

r

0 1 2 3
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6
cfl=0.2

cfl=0.6
cfl=0.8
cfl=1.05

cfl=0.4

���������
	 � � 	 5 ���;)+40 1 587 � 	 ��� .L'*>! �' �(F )D?C �> &����3FH�(> >(F �G �';5
 ��(#%FH�!4



x
0 10 20 30 40

-1

-0.75

-0.5

-0.25

0

0.25

0.5

0.75

1

1.25

1.5
Analytical

u

CFL=0.98, 2nd Order Law-Wendroff

t=720, number of grid=81

CFL=1.0, 2nd Order Law-Wendroff

CFL=0.068, 4S R-K, 2nd Order Upwind

CFL=0.9, 2nd Order Law-Wendroff
CFL=0.68, 4S R-K, 2nd Order Upwind
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Analytical
u

CFL=1.0, 4S R-K, 4th Order Central

t=720, number of grid=81

CFL=1.0, 4S R-K, 2nd Order Central

CFL=0.1, 4S R-K, 2nd Order Central
CFL=2.5, 4S R-K, 2nd Order Central
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Analytical
CFL=2.0, 4S R-K, 4th Order Central

u CFL=0.8, 4S R-K, 4th Order Central

t=7200, number of grid=81

CFL=2.8, 4S R-K, 2nd Order Central
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1.5 Analytical

CFL=0.87, 4S R-K, 4thd Order Upwind

u CFL=1.74, 4S R-K, 3rd Order Upwind

t=720, number of grid=81

CFL=0.087, 4S R-K, 3rd Order Upwind
CFL=0.87, 4S R-K, 3rd Order Upwind
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1.5 Analytical

CFL=0.02, 4S R-K, 3rd Order Upwind

u CFL=1.0, 4S R-K, 4th Order Upwind

t=7200, number of grid=81

CFL=0.02, 4S R-K, 4th Order Upwind
CFL=0.2, 4S R-K, 4th Order Upwind

CFL=1.0, 4S R-K, 3rd Order Upwind
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Analytical
u CFL=1.0, 4S R-K, 4th Order Upwind

t=7200, number of grud=161

CFL=1.0, 4S R-K, 4th Order Central
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