
�����������
	���
��������
���������

�����! !"$#&%�' ()#*',+-%�()��./.10 +-243$#5 !67./8 #& !" 9��!.;:�6�<=2>#?:/67�� 
��@BA #5C7CEDF�! !2G:�67�� !.H@I��%�JK�!%ML!�!C7+N !2>+ 0 ��"$+NC76� $O

PBQ�RTSVU-QXW*Y[Z?U]\

^ Q�_a`;bFc/d$efQhgiUj\kW*lmgn\po�q�W�YMlrW-QXQhstlrW�Y
u W*lwvxQXstyzlw`|{fc/d$e}l~\/��l

S�cMsi\ko�P�\p��omQXyn�N��omcMs�lm�N\��������p�
q�R���\plro��F�hUj\M��\p_&c�oromc-b�QXW*Yjb���l~\k��l�b�QX�*�



� L��n+N2G:�6��,+��

�	� `i���>{ `iU�Q��&c��*W-�j\ksT{ o~\X{4Qhs�

����� omc�y�y � QhgiUj\pW�lryz� d cMs lrW `iQhstWj\ko
� c��Ky

� q��j\k��lrW-Q `iU�Q \p_�_*orlmgn\p��lrorlw`|{[c�d�� \poroad �*W-g�`ilmc�W*y `icE_�s�Qh�*lmg�` lrW `iQhstWj\ko
� c�� omc�y�y



�n �:�%���"!�!2G:�67�� 

� � c�y�y _-s�QX�*lmg�`zlmc�W lry)lm��_?c�sT`�\pW ` d cMsVlrW `iQXs�Wj\po � c � yn�
�KU�lmgiUflry \kWHlrW `iQ�Y si\po�\kghs�c�yzy=`iU�QB�?c���W��j\ksT{ o~\�{xQXs

� � ��sId�\/gXQEd cMs�ghQ _�s�QX�*lmg�`ilmc�W lry)lm��_?cMsI`�\pW ` d cMs�Q �>`iQhstW]\po � c��Kyn�
�KU�lmgiUflry W-ck` \pWHlrW `iQXY�si\ko�\kgXs�c�y�yV`zU-QE�&c��*W-�j\ksT{ o~\�{4Qhs

� q�W `is�c�_ {HlrW-gXs�Qn\pyiQElry `zU-QE� Qn\pyz��s�QBc/d�lrW `iQhstW]\po � c � omc�y�y

��� � ���	��

�	���
�	���


t���

S�cM� _�s�QXy�yicMs q�� gXlmQ�W-g�{

� � ������� ��� �! #"
$�% �'& � �(� �) �" � � � *,+ � ���

- + � � - + �

�� �



u/ue

0.2 0.4 0.6 0.8 1
0

0.0005

0.001

0.0015

τ

Computed Shear Stress

xy /(ρu2)e

y+=30

y+=107

���������
	 ���
��� 	�����������������������������	�� ���
��!#"%$&��	(')�
�����*�+��	,���-� � 	(')�.���
�
	&���0/1����2%')$&�
���
�.� � 	�3�������4')��"�5�'6"�	&��7
8 +N �:k�, :9 .[:/3$+-��%/' �� +N �:/%M�<;�' 2*%�+-#]:�67�� �

�>= ck`�\ko&si\;`iQEc/d�Q�W `is�c�_ { ghs�Qn\n`zlmc�W \kghs�c�y�yV`zU-Q � �

?�A@ � �
�CB

D<EF 
�GIHKJ 
ML � L E � � �ON � D<EF
�

*QP
JSR � HTJ 
�� �

� � cGg�\po5si\n`
QEc/d�Q�W `is�cM_�{}ghs�Qn\n`zlmc�W �Klw`zU�lrWH`zU-Q � �

?�<U � �

* P
� H
�ON


 � �



� �$+N.p:/67�� �

� �acMs�`i��st����omQ�W ` � � ��gn\pW � \poro�d ��W�g�`zlmc�W �?c���W��j\ksT{�gXcMW��*lw`zlmc�W�y!_�s�Q
R
�*lmg�` `iU�Q omcMy�y ghcMs�s�Qhg�`iow{��

��� \poro&d ��W�g�`zlmc�W�yn���]\pyiQX�fc�W�`zU-QEo~\ � c/d�`iU�Q �K\poro

&�� � �
" ��
 N ��� 	 
�
 �

N �
� ��� `ic �����

wallwall function location

flow flow

computational domain and grid

����������	 � ��� �
2)	���$ � ��� � � 	I/ ')5�5 � ���+$�������� 5�� $(')�
����� ')��� $&���<!��+��')�������4'�5 ����� '����



A 6�:�3 A #5C�CED��! !2>:/67�� !. �

�>= ck`�\ko&si\;`iQEc/d�Q�W `is�c�_ { ghs�Qn\n`zlmc�W,�

?� @ � D EF
�

* P
JSR � H J � D R�� �������	��
���
�����
F

�

* P
JSR � H J � D ER � �������	��
���
�����


�

* P
JSR � H J


�� �

?� @ � DAER � �������	��
���
�����

�

* P
JSR � H J 
�� �

��� lroro,Q��?b�� ��lryzy � c�yt` c/d�`zU-QBQXW�`
s�c�_ {}gXs�Qn\n`zlmcMW \kghs�c�yzy � � �

��� W*y � Qhs ���=Q�y;b

� S \pW � \poro5d ��W�g�`zlmc�W�y �&QE��yzQh���



�����! !"$#5%/' ( #�'�+N%�( ��./.10 +N2 3$#5 !6�./8

= �-st�*��omQXW�` ��� Q��?b�d cMs � \n` _�o~\n`iQ��
S�c�W `zlrWx��lw`|{fQ �4�j\;`zlmc�W,�

� 
�G & �
� B �

� 
 G�� �
� N

� � 
�� �

� R�� cM� QXW�`i��� Q �4�j\;`zlmc�W,�

G 
 &
� &
� B � �

� &
� N

� � � ���

� B �
�

P
JSR

� N

�	 �

� R�� cM� QXW�`i��� Q �4�j\;`zlmc�W,�
���

� N � � 
�� � �

q�W-QXstY�{ Q �4�j\;`zlmc�W,�

G�
 &
��


� B � �
��


� N
� � &

���

� B
� �
�

� N � P
JSR � &
� N


��M���

= U-QXs�� cG�G{aW]\k��lmg s�QXo~\n`zlmc�W,�

� 
 � * � L �
�
G � � 
���� �



�����! !"$#5%/' ( #�'�+N%�( ��./.10 +N2 3$#5 !6�./8

= U-QBQXW�QhstY/{HQ �?b 
 omcGgn\po si\n`iQEc�d�QXW `is�c�_ {HgXs�Qn\n`zlmcMW �=�&QXghcM� QXyn�

� L
� ��� ?� � �

*


P
JSR � &
� N

� � �

� N
� �ON 
��h� �

cMs

� L
� ��� ?� � �

*


P
JSR � & � � � � 
���� �

= U-Q `ic/`�\po5si\n`iQEc�d�QXW `is�c�_ {HgXs�Qn\n`zlmcMW

?� @ � D�����F
� L
� � � ?� � D EF

�

*


P
JSR � &
� N

� � �

� N
� �CN 
�� 
 �

cMs

?� @ � D �� �F
� L
� � � ?� � D EF

�

*


P
JSR � & � � � � 
���� �



�  �:�%��<;�' 2a%M+�#?:�6��, 

�acMs \k�*l~\p�]\n`zlmg � \poro�� ��� � � E � ����\pyzy��-� Q * � �
= U-Q `ic/`�\po5si\n`iQEc�d�QXW `is�c�_ {HgXs�Qn\n`zlmcMW

?�A@ � D �� �F
� L
� � � ?� � D EF

�

* P
JSR � & 
�� � �

� = U�lry lryK`zU-Q�y�\/� Q \py ^ Q�W `icMW�� y ghc�W-g�or��y�lmc�W d cMs `iU�Q `ic/`�\po,s
\n`iQ c/d
QXW�`
s�c�_ {}gXs�Qn\n`zlmcMW�b

�>= U-QEomcGgn\po si\n`iQBc/d�QXW `is�c�_ {}ghs�Q�\;`zlmc�W,�

� L
� � � ?� � �

*


P
JSR � & � � � ����

�

* P
JSR � & 
�� � �

� ^ QXW `ic�W�� y omcGgn\po si\n`iQEc�d�QXW `is�c�_ {}gXs�Q�\n`ilmc�W}lry lrW-ghcMs�s�Qhg�`pb



�  �:�%��<;�' 2a%M+�#?:�6��, 6� # ���,�! !"$#&%/' ( #�'�+N% �
� ��C�� :�6��, �?#&C�6�"$#]:�67�� 

� �a�-g�`p���7W�omQ�`Be � ��b �a� � ��� � � ���n�
" � � � cG�*QXo5lrW `iQ�Y si\n`zlrW�Y�`ic � \koro

N �� � �	� �-� � ��
 � � 
 ����� 
a� - � �	� ���

���������
	�
 ��� +NC7��2a6�: ' �,+-2>:k�,% < +NC�" � @ :/3$+ :��!%ML!�!C7+N �: L����! !"��
#5%/' C�#�'�+N% 6� :�3$+ "!�!2G:f $+-#5%1+�� 6�:���� ������� � + �!� @ � � ��� �



�  �:�%��<;�' 2a%M+�#?:�6��, 6� # ���,�! !"$#&%/' ( #�'�+N% �
� ��C�� :�6��, �?#&C�6�"$#]:�67�� 

= U-QB�*lry�yzlr_j\n`ilmc�W1ghcGQ � gXlmQ�W `;� � � �

� � � * ?���
G � & 
� 
�� 	 �

�KU-QXs�Q
?� � � D EF

�

* P
JSR � &
�CN �CN


 ��� �

S�cM� _*�a`iQh� Wx��� Qhstlmgn\po�v4\por��Q�� � � � � � ���-��� �M��� \pY�s�QhQ � QXoro �Klw`zU
Qh��_*lms�lmg�\po,gXcMs�s�Q�o~\;`zlmc�W � � giU�orlmgiU�`ilrW*YN� � 	 � ��� �

� � � � � ��� 
 � � ��� ���
	
 � � � �����X� � � 
 �a���



101 102 103

5

10

15

20

computed
Law of the Wall

u+

y+

���������
	�� ���������
	���
�����
���������������� �"!#��
$�&%��('�
)�*%
%�
��+�*,-��
��+�-������,.� 
��
/ �0�('1� '�
2��, / ��34�('�
 / ,5�*�76



y+
500 1000 1500

0.99

0.9925

0.995

0.9975

1

1.0025

1.005

1.0075

1.01

T/Te

Computed
Crocco-Busemann

max error=0.025%

���������
	 � �.� ��� �
	��(
�� ��
���� 
�� , �(	�� 
+��� �"!#��
 ��3��('�
 �(	�� � 	
��
 %�� � ��	
%����
,.�(�1�*,-��
��$�-������,.� 
�� / �0�(' � � ���-�-�����+	���
�� ,5%
%	�����&	��(����% 6



u/ue

0.2 0.4 0.6 0.8 1
0

0.0005

0.001

0.0015

τ

Computed Shear Stress

xy /(ρu2)e

y+=30

y+=107

���������
	 	+� J�3$+ "!6�.p:�%M6�L!� :/67�� � @}+N �:�%��<;�' 2a%�+-#?:/67�� "!�$+ :/�
./3$+-#&% .p:/%M+-./.�����%�� #52a%���./.H:/3$+ LV�,�! !"$#&%/' C7#�'�+N%��



500 1000 1500
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

τ2

entropy rate
(dq/dy)/T
(τ xydu/dy)/T

y+

w /(µ eTe)

���������
	�� � J�3$+ "!6�.;:�%M6�L!� :�6��, ��@ +N �:�%��<;�' 2a%�+-#?:/67�� #52a%��,.k.
:�3$+ LV�,�! !"$#&%/' C�#�'�+N% @I��% 6� !"!6 �F6�"!�$#&C�:/+N%M8 . #& !" :/3$+N6�%
%�+N./�!C�:k#5 �: �



50 100 150
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

τ2

entropy rate
(dq/dy)/T
(τ xydu/dy)/T

y+

w /(µ eTe)

���������
	�� � J�3$+ "!6�.;:�%M6�L!� :�6��, � @ +N �:/%M�<;�' 2a%�+-#?:/67��  $+-#5%�:/3$+
��#&C�C @I��% 6� !"!6��F6�"!�$#5C :k+N%M8 .H#& !" :�3$+-6�% %�+N./�!C�:k#5 �: �



500 1000 1500
0

5E-06

1E-05

1.5E-05

q/(

Computed Heat Flux

y+

ρuCpT)e

���������
	�� ��� +-#?:��=��� "!6�.p:/%M6�L!� :�67�� @T�,% :/3$+ "!�!2G: #5"!67#&L$#?:/6�2
L����! !"$#5%/' C7#�'�+N%��



y+
wall function

R
at

e
o

fE
n

tr
o

p
y

C
re

at
io

n

30 40 50 60 70 80 90 100 110 120 130 140 150 160 170

-1.0E-03

-8.0E-04

-6.0E-04

-4.0E-04

-2.0E-04

0.0E+00

2.0E-04

4.0E-04

6.0E-04

8.0E-04

1.0E-03

1.2E-03

1.4E-03

benchmark total rate
dissipation coefficient, Cd

heat transfer, Ch
computed total rate, Cd-Ch

���������
	 � F � �  �:�%��<;�' 2a%M+�#?:�6��, %�#?:k+ 2>�,8 ;!� :k+N" #]:�"!6��)+-%M+- �:
��#&C�C @t�! !2G:�6��, C7��2>#?:�6��, �



y+
wall function

30 40 50 60 70 80 90 100 110 120 130 140 150 160 170
0

5

10

15

20

25

30

35

40

45

50

55

60

65

70

75

80

dissipation coefficient, Cd
Cd - Ch

error %

���������
	 � ��� � %M%M��% ��@):/3$+�:k� :/#5C +N �:�%��<;�' 2*%�+-#]:�67�� %�#?:/+ 2>��8 �
;!� :/+-" #]: "!6�� +N%�+N �: �[#5C�CK@t�! !2>:/67�� C7��2>#?:/67�� �



���������
	 � � � 0 +N./3 @I��% :�3$+ �����������	��
 2>#5.k2a#&"$+ .p�,C7� :�67�� 
6� �:/+�O,%�#]:�6� $O :k� :�3$+ ��#&C�C �



���������
	 � 
 � 0 #&243  F�!8 L�+-% 2a�� �:/���!%M. � @�:�3$+ 2a#&./2>#5"$+ � :/�<; �
�!./6� $O ��#5C7C @t�! !2G:�67�� !.�� L�� :k:/��8 � 6� �:k+-O�%M#]:�6� $O :/� :/3$+
��#&C�C �



x/Chord
0 0.25 0.5 0.75 1

0.4

0.5

0.6

0.7

0.8

0.9

Ps/Pt0

integrated to wall

wall functions

���������
	 � � � � :k#?:/6�2 ;!%�+N./.k�!%M+ "!6�.p:/%�67L!� :�67�� !. � @ :�3$+ 2>#5.k2a#&"$+
� � � .k��C�� :�6��, !. �!./67 $O ��#&C�C @t�! !2G:�6��, !. #5 !" 6� �:/+-O�%�#?:/6� $O
:/� :�3$+ ��#5C7C �



y/Chord
-0.25 0 0.25 0.5

0.8

0.82

0.84

0.86

0.88

0.9

0.92

0.94

0.96

0.98

1
Pt/Pt0

integrated to wall
wall functions

���������
	 � � � J � :k#5C ;!%�+N././�!%�+ "!67.p:�%M6�L!� :/67�� !. 6� :/3$+ ��# � + %M+��
O�67�� @I��%�:/3$+ 2a#&./2>#5"$+ � � � .p�,C7� :�67�� !. �!./6� $O ��#&C�C @t�! !2��
:�6��, !.H#5 !" 6� �:/+-O�%�#?:/6� $O :/� :/3$+ ��#5C7C �



���������
	 � 	+� +N./3 6� :�3$+�:/%M#&6�C�6� $O +N"$O + %�+-O�67�� @I��%�:/3$+�.p�,C7� :�67�� 
6� �:/+�O,%�#]:�6� $O :k� :�3$+ ��#&C�C �



���������
	 � � � � +NC7��2a6�: ' ��+N2G:/��% < +NC�" 6� :/3$+ :�%�#567C�6� $O +N"$O + %M+��
O�67�� @I��%f:/3$+ .k��C�� :/67�� 6� �:/+�O,%�#]:�6� $O :k� :�3$+ ��#&C�C �



���������
	 � � � 0 +N.k3 #5 !" ��+NC7��2a6�: ' ��+N2G:/��% < +-C�" 6� :/3$+ :/%�#56�C�67 $O
+N"$O + %�+-O�67�� @I��%f:�3$+ .k��C�� :/67�� �!./6� $O �[#5C�CK@t�! !2>:/67�� !. �



� �, !2aC��!./6��, !. �

� �ac�s�\pW \k�al~\k�j\n`ilmg `i��st����omQ�W ` �?c���W��j\ksT{ o~\X{4Qhs �&`zU�Q QXW�`
s�c�_ { gXs�Q
R
\n`zlmcMW �Klw`zU�lrW}`zU�QB�?c���W-�N\ksI{�o~\X{4QXs U]\py�` � c yzc��-s�ghQ�y;�

��� � U�Qn\ks yt`
s�Q�yzy � cMs��
� ��� Q�\;`E��or� �}Y�s
\k�almQXW `

� = U�Q�QXW�`
s�c�_ { ghs�Q�\;`zlmc�W lry d�\klmstow{ �*W�l d cMs�� \kghs�c�y�y `zU�Q[�&c��*W-�j\ksT{
o~\�{xQXs

� = U-Q)_-s�Q�valmcM�*y `zU-QhcMsT{ `zUj\;` `iU�Q QXW `is�c�_ {�lry=� c�y�`zow{�ghs�Qn\n`iQh� lrW `zU�Q
lrW�W�Qhs)o~\�{xQXs lry lrW-ghcMs�s�Qhg�`pb

� = U�Q Qhs�s�cMs!`ic _-s�QX�*lmg�`)QXW `is�c�_ {[ghs�Qn\n`zlmc�W ��y�lrW�Y �K\porojd ��W�g�`zlmc�W�y�d cMs
`z�-st���*omQXW `K�?c���W-�N\ksI{�o~\X{4QXs lry yz�[\poro�b

� = U�Qhs�Q�lry \��j\ko~\pW�ghQ�_?cMlrW�` �?Q�` �)QXQXW `zU-Q y�U-Q�\ksByt`is�Q�yzy � cMs�� \pW��
U-Q�\n` � � � Y�si\k�*lmQXW�` omcGgn\n`iQh� \;` \k�?c��a` N � � ��
 � ����� �KU�Qhs�Q�`zU�Q
� \koro5d �*W-g�`ilmc�W*y �Klroro YMlwv4Q gXcMs�s�QXg�`KQXW�`
s�c�_ { ghs�Qn\n`zlmc�W s�QXy���ow`zynb


